Acoustic lining is widely used to reduce sound. However, for specific liners and under particular flow conditions, some experiments have shown that a convective hydrodynamic instability may grow on the liner and is likely to lead to a sound amplification. In this paper, such a phenomenon is studied through a direct optimal growth analysis of the linearized Euler equations in a two-dimensional flow duct with the bottom wall which is partly lined. A Discontinuous Galerkin scheme is used for spatial discretization, which proved to be quite efficient in handling the acoustic impedance discontinuity at the interface between the lined and hard wall. The optimal perturbation exhibits a spatial amplification similar to the one predicted by a local stability analysis. Moreoever, we can observe a mechanism of conversion of the hydrodynamic surface mode, which appears above the lined wall, into a high amplitude acoustic wave which travels downstream of the liner.
Main Text
Acoustic liners are widely use to absorb sound waves which can propagate within the nacelles of turbofan engines. Such liners are characterized by their acoustic impedance, a homogenized value defined by the ratio of the acoutic pressure to the wall-normal acoustic velocity, which is a complex number and is equal to infinity when the wall is acoustically rigid. For specific sets of the mean flow Mach number and of the impedance of the lined wall, hydrodynamic surface waves can grow above the liner, while at the same time high level noise is generated 1, 2, 3, 4, 5 . The stability properties of these hydrodynamic surface modes have been studied by means of local stability analysis of the linearized Euler equations 6, 7, 8 or of the linearized Navier-Stokes equations 9 . In these studies, the lined wall is supposed to be infinitely long along the flow direction. In the present paper, we are interested in the configuration for which only a small part of the duct wall is lined, the other walls being acoustically rigid. The stability of the flow for such a geometry is investigated by means of a direct optimal growth analysis 10, 11 , in order to study the full dynamics of the linearized governing equations in time, as can be done for boundary layers 12, 13, 14 or separation bubbles 15 for instance when the amplifier dynamics, associated to the presence of convectively unstable regions, is sought for. Fig. 1 . Geometry of the lined flow duct.
Governing equations and problem formulation
The configuration studied in this paper is a two-dimensional partially lined flow duct of height H. The length of the liner is denoted by L. The geometry is depicted in Fig. 1 together with the definitions of the coordinates system. The main flow (denoted with subscript 0) is purely in the axial direction (x-axis) and depends only on y. It is assumed to be subsonic, stationary and homentropic. Moreover, the main density ρ 0 and the sound speed a 0 are taken constant. The Mach number of the main flow is denoted M 0 , its maximum value is denoted by M. In the following, all variables are non-dimensionalized using the reference velocity, density, pressure, length and time V re f = a 0 M, ρ re f = ρ 0 , p re f = ρ re f V 2 re f , l re f = L and t re f = l re f /V re f , respectively. We are interested by the evolution of a small perturbation, denoted ϕ, to this mean flow. This perturbation is taken under a general form ϕ(x, y, t) and is composed by the perturbation velocity vector u = ue x + ve y and by the perturbation pressure p: ϕ = (u, p). The evolution of this perturbation is governed by the linearised Euler equations in the domain Ω, written under a matrix form as (the Einstein summation is used on x and y):
At a wall (lined or not) is imposed an impedance boundary condition defined by Eq. (2) where Z is the specific impedance and n is the outward-pointing unit normal vector.
No-slip boundary conditions are imposed on the main flow, which justifies the choice of Eq. (2) rather than a (enhanced) Myers boundary condition as classicaly done when the main flow is supposed to be uniform 16, 17, 18, 19 . Inflow and outflow boundary conditions are dealt with by adding Perfectly Matched Layer (PML) absorbing layers of width d to the computational domain (see Fig.1 ), as first proposed by Bérenger 20 for computational electromagnetics and then applied by Hu 21 to aeroacoustics simulations. We follow his work to take special care on the absorbing capabilities of the PML layers in the presence of a mean flow.
Equations (1) are discretized in time by a Crank-Nikolson scheme, and in space by a discontinuous Galerkin method, the same as the one used by Pascal et al. 22 to compute the eigenmodes in the transverse section of a lined duct.
Optimal growth analysis
To study the amplifier dynamics of the configuration depicted in Fig. 1 , a direct optimal growth analysis 10 is performed. We are interested in the computation of the initial perturbation ϕ 0 = ϕ(t = 0) of energy E 0 = E(t = 0) which maximizes at the time horizon T the energy gain defined by G(T ) = E(T )/E(0). In the current study, the energy is defined by:
The domain Ω 0 is the physical domain, i.e. the domain depicted in Fig. 1 24 . The Lagrangian multiplier technique is chosen to solve the optimization problem argmax ϕ 0 E(T ), with the added constraints that the governing equations (with PML) must be satisfied and the initial energy E 0 = ϕ 0 ; ϕ 0 Ω 0 must be equal to 1. The stationarity of the Lagrangian yields especially to the conditions:
(i) ϕ * (T ) = 2ϕ(T ) if x ∈ Ω 0 and ϕ * (T ) = 0 elsewhere; (ii) ϕ 0 = ϕ 0 * /||ϕ 0 * || if x ∈ Ω 0 and ϕ 0 = 0 elsewhere.
where ϕ * is the solution of the adjoint equations. It is worth noting that the discontinuous Galerkin formulation used in this paper offers the property of adjoint consistency, which means that the optimize-then-discretize and discretizethen-optimize strategies are equivalent. The optimize-then-discretize strategy is chosen here.
Finally, the optimization problem is solved by performing an iterative procedure in which both the direct and adjoint equations are integrated in time (forward and backward, respectively), with initial values provided by conditions (i) and (ii). At the end of the procedure, the optimal initial perturbation ϕ 0 for the time horizon T is obtained, as well as the associated energy gain G(T ).
By repeating this procedure for every time horizon T , the optimal transient growth mechanism can thus be captured.
Numerical results
In the studied configuration, a Poiseuille flow defined by M 0 (y) = 4M(H − y)y/H 2 is chosen, with M = 0.3, and the impedance of the liner is Z = 10 −2 . This impedance is not representative of realistic liners, but it satisfies the four conditions given by Rienstra 25 which ensure that an impedance model is physically realisable. Moreoever, with this value of liner impedance, a local stability analysis (performed with the code developed by Brazier 26 , and previously used by Boyer et al. 7 ; details will be given in the final paper) shows that a convectively unstable rightrunning hydrodynamic surface mode exists in the spectrum. This configuration, though much more simplified than the experimental configuration of Aurégan and Leroux 4 , is therefore interesting to study hydrodynamic instabilities developing on acoustic lining.
The time evolution of the optimal energy gain is plotted in Fig. 2 . A transient growth is observed, and the optimal gain is maximized at T opt ≈ 7. The associated intial perturbation is denoted by ϕ 0 opt . It can be shown on Fig. 2 (dashed line) that the energy gain associated to this perturbation is close to the optimal gain whatever the time horizon, which means that ϕ 0 opt is nearly optimal for all times, and decays to zero for large times (not shown here) indicating that the flow is globally stable.
It is worth noting that the maximum optimal gain G(T opt ) is very high (≈ 10 8 ), which can question the validity of the linear assumption. The time-evolution of ϕ 0 opt shows that this very large gain is associated to the radiation of a plane acoustic wave which propagates downstream of the liner. The spatial features of the optimal pressure perturbation at the optimal time horizon T opt are plotted in Fig. 3 . The left hand side figure shows the whole spatial field, while on the right hand side the spatial evolution along the bottow wall is plotted. In the final paper, we will show that the optimal perturbation at t = T opt compares very well above the liner with the spatially unstable hydrodynamic surface mode predicted by the local stability analysis, and downstream of the liner with the cut-on right-running acoustic wave. Moreover, we will investigate the fast spatial amplification of the perturbation at the soft-hard wall impedance transition. Fig. 2 . Energy gain versus the time horizon. The optimal gain is plotted in solid line. The dashed line shows the effective time-evolution gain of the optimal initial perturbation corresponding to the optimal time horizon T opt . Fig. 3 . Spatial distribution of the optimal pressure perturbation at the optimal time horizon. The whole field is plotted on the left hand side figure; the lined section is displayed in white, the vertical thick dashed lines shows the boundaries of the PML layers. The x evolution along the bottom wall is plotted on the right hand side figure, the lined section is displayed in grey.
